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Squeezing of a nanomechanical oscillator
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(Dated: August 31, 2018)
We show that squeezing of a nanomechanical mirror can be generated by injecting broad band
squeezed vacuum light and laser light into the cavity. We work in the resolved sideband regime. We
find that in order to obtain the maximum momentum squeezing of the movable mirror, the squeezing
parameter of the input light should be about 1. We can obtain more than 70% squeezing. Besides,
for a fixed squeezing parameter, decreasing the temperature of the environment or increasing the
laser power increases the momentum squeezing. We find very large squeezing with respect to thermal
fluctuations, for instance at 1 mK, the momentum fluctuations go down by a factor more than one
hundred.
PACS numbers: 42.50.Lc, 03.65.Ta, 05.40.-a
I. INTRODUCTION
The optomechanical system has attracted much atten-
tion because of its potential applications in high preci-
sion measurements and quantum information processing
[1, 2, 3, 4, 5, 6, 7, 8, 9]. Meanwhile, it provides a means
of probing quantum behavior of a macroscopic object if
a nanomechanical oscillator can be cooled down to near
its quantum ground state [10, 11]. Many of these appli-
cations are becoming possible due to advances in cooling
the mirror [12, 13, 14, 15, 16, 17, 18]. Further as pointed
out in Refs [19, 20, 21], the ground state cooling can be
achieved in the resolved sideband regime where the fre-
quency of the mechanical mirror is much larger than the
cavity decay rate.
Squeezing of a nanomechanical oscillator plays a vital
role in high-sensitive detection of position and force due
to its less noise in one quadrature than the coherent state.
A number of different methods have been developed to
generate and enhance squeezing of a nanomechanical os-
cillator, such as coupling a nanomechanical oscillator to
an atomic gas [22], a Cooper pair box [23], a SQUID de-
vice [24], using three-wave mixing [25] or Circuit QED
[26], or by means of quantum measurement and feedback
schemes [27, 28, 29, 30]. A recent paper [31] reports
squeezed state of a mechanical mirror can be created by
transfer of squeezing from a squeezed vacuum to a mem-
brane within an optical cavity under the conditions of
ground state cooling. We previously considered the pos-
sibility of using an OPA inside the cavity for changing
the nature of the statistical fluctuations [32].
In this paper, we propose a scheme that is capable
of generating squeezing of the movable mirror by feed-
ing broad band squeezed vacuum light along with the
laser light. The achieved squeezing of the mirror depends
on the temperature of the mirror, the laser power, and
degree of squeezing of the input light. One can obtain
squeezing which could be more than 70%.
The paper is structured as follows. In Sec. II we de-
scribe the model, give the quantum Langevin equations,
and obtain the steady-state mean values. In Sec. III
we derive the stability conditions, calculate the mean
square fluctuations in position and momentum of the
movable mirror. In Sec. IV we analyze how the mo-
mentum squeezing of the movable mirror is affected by
the squeezing parameter, the temperature of the environ-
ment, and the laser power. We also compare the momen-
tum fluctuations of the movable mirror in the presence of
the coupling to the cavity field with that in the absence
of the coupling to cavity field. We find very large squeez-
ing with respect to thermal fluctuations, for instance at
1 mK, the momentum fluctuations go down by a factor
more than one hundred. Our predictions of squeezing
are based on the parameters used in a recent experiment
on normal mode splitting in a nanomechanical oscillator
[33].
II. MODEL
The system to be considered, sketched in Fig. 1, is
a Fabry-Perot cavity with one fixed partially transmit-
ting mirror and one movable perfectly reflecting mirror
in thermal equilibrium with its environment at a low tem-
perature. The cavity with length L is driven by a laser
with frequency ωL, then the photons in the cavity will ex-
ert a radiation pressure force on the movable mirror due
to momentum transfer. This force is proportional to the
instantaneous photon number in the cavity. The mirror
also undergoes thermal fluctuations due to environment.
Under the effects of the two forces, the movable mirror
makes oscillation around its equilibrium position. Here
we treat the movable mirror as a quantum mechanical
harmonic oscillator with effective mass m, frequency ωm
and momentum decay rate γm. We further assume that
the cavity is fed with squeezed light at frequency ωS .
In the adiabatic limit, ωm ≪ c2L ( c is the speed of
light in vacuum), we ignore the scattering of photons to
other cavity modes, thus only one cavity mode ωc is con-
sidered [34]. In a frame rotating at the laser frequency,
2FIG. 1: Sketch of the studied system. A laser with frequency
ωL and squeezed vacuum light with frequency ωS enter the
cavity through the partially transmitting mirror.
the Hamiltonian for the system can be written as
H = ~(ωc − ωL)nc − ~gncQ+ ~ωm
4
(Q2 + P 2)
+i~ε(c† − c), (1)
we have used the normalized coordinates for the oscil-
lator defined by Q =
√
2mωm
~
q and P =
√
2
m~ωm
p
with [Q,P ] = 2i. This normalization implies that in
the ground state of the nanomechanical mirror 〈Q2〉 =
〈P 2〉 = 1. Further in Eq. (1) the first term is the en-
ergy of the cavity field, nc = c
†c is the number of the
photons inside the cavity, c and c† are the annihilation
and creation operators for the cavity field with [c, c†] = 1.
The second term comes from the coupling of the movable
mirror to the cavity field via radiation pressure, the pa-
rameter g = ωcL
√
~
2mωm
is the optomechanical coupling
constant between the cavity and the movable mirror. The
third term corresponds the energy of the movable mirror.
The fourth term describes the coupling between the in-
put laser field and the cavity field, ε is related to the
input laser power ℘ by ε =
√
2κ℘
~ωL
, where κ is the cavity
decay rate associated with the transmission loss of the
fixed mirror.
The equations of motion of the system can derived by
the Heisenberg equations of motion and adding the cor-
responding noise terms, this gives the quantum Langevin
equations
Q˙ = ωmP,
P˙ = 2gnc − ωmQ− γmP + ξ,
c˙ = i(ωL − ωc + gQ)c+ ε− κc+
√
2κcin,
c˙† = −i(ωL − ωc + gQ)c† + ε− κc† +
√
2κc†in.
(2)
Here we have introduced the input squeezed vacuum
noise operator cin with frequency ωS = ωL + ωm. It has
zero mean value, and nonzero time-domain correlation
functions [35]
〈δc†in(t)δcin(t′)〉 = Nδ(t− t′),
〈δcin(t)δc†in(t′)〉 = (N + 1)δ(t− t′),
〈δcin(t)δcin(t′)〉 = Me−iωm(t+t′)δ(t− t′),
〈δc†in(t)δc†in(t′)〉 = M∗eiωm(t+t
′)δ(t− t′).
(3)
where N = sinh2(r), M = sinh(r) cosh(r)eiϕ, r is the
squeezing parameter of the squeezed vacuum light, and ϕ
is the phase of the squeezed vacuum light. For simplicity,
we choose ϕ = 0. The force ξ is the thermal Langevin
force resulting from the coupling of the movable mirror
to the environment, whose mean value is zero, and it has
the following correlation function at temperature T [36]:
〈ξ(t)ξ(t′ )〉 = γm
piωm
∫
ωe−iω(t−t
′
)
[
1 + coth(
~ω
2kBT
)
]
dω,
(4)
where kB is the Boltzmann constant and T is the tem-
perature of the environment. By using standard methods
[37], setting all the time derivatives in Eq. (2) to zero,
and solving it, we obtain the steady-state mean values
Ps = 0, Qs =
2g|cs|2
ωm
, cs =
ε
κ+ i∆
, (5)
where
∆ = ωc − ωL − gQs = ∆0 − gQs = ∆0 − 2g
2|cs|2
ωm
(6)
is the effective cavity detuning, depending onQs. The Qs
denotes the new equilibrium position of the movable mir-
ror relative to that without the driving field. Further cs
represents the steady-state amplitude of the cavity field.
From Eq. (5) and Eq. (6), we can see Qs satisfies a third
order equation. For a given detuning ∆0, Qs will at most
have three real values. Therefore, Qs and cs display an
optical multistable behavior [38, 39, 40], which is a non-
linear effect induced by the radiation-pressure coupling
of the movable mirror to the cavity field.
III. RADIATION PRESSURE AND QUANTUM
FLUCTUATIONS
To study squeezing of the movable mirror, we need
to calculate the fluctuations in the mirror’s amplitude.
Assuming that the nonlinear coupling between the cavity
field and the movable mirror is weak, the fluctuation of
each operator is much smaller than the corresponding
steady-state mean value, thus we can linearize the system
around the steady state. Writing each operator of the
system as the sum of its steady-state mean value and a
small fluctuation with zero mean value,
Q = Qs + δQ, P = Ps + δP, c = cs + δc. (7)
3Inserting Eq. (7) into Eq. (2), then assuming |cs| ≫ 1,
the linearized quantum Langevin equations for the fluc-
tuation operators can be expressed as follows,
δQ˙ = ωmδP,
δP˙ = 2g(c∗sδc+ csδc
†)− ωmδQ− γmδP + ξ,
δc˙ = −(κ+ i∆)δc+ igcsδQ+
√
2κδcin,
δc˙† = −(κ− i∆)δc† − igc∗sδQ+
√
2κδc†in.
(8)
Introducing the cavity field quadratures δx = δc + δc†
and δy = i(δc† − δc), and the input noise quadratures
δxin = δcin + δc
†
in and δyin = i(δc
†
in − δcin), Eq. (8) can
be rewritten in the matrix form
f˙(t) = Af(t) + η(t), (9)
in which f(t) is the column vector of the fluctuations,
η(t) is the column vector of the noise sources. Their
transposes are
f(t)T = (δQ, δP, δx, δy),
η(t)T = (0, ξ,
√
2κδxin,
√
2κδyin);
(10)
and the matrix A is given by
A =


0 ωm 0 0
−ωm −γm g(cs + c∗s) −ig(cs − c∗s)
ig(cs − c∗s) 0 −κ ∆
g(cs + c
∗
s) 0 −∆ −κ

 .
(11)
The system is stable only if the real parts of all the eigen-
values of the matrix A are negative. The stability con-
ditions for the system can be derived by applying the
Routh-Hurwitz criterion [41, 42], we get
κγm[(κ
2 +∆2)2 + (2κγm + γ
2
m − 2ω2m)(κ2 +∆2)
+ω2m(4κ
2 + ω2m + 2κγm)] + 2ωm∆g
2|cs|2
×(2κ+ γm)2 > 0,
ωm(κ
2 +∆2)− 4∆g2|cs|2 > 0.
(12)
All the external parameters chosen in this paper satisfy
the stability conditions (12) to ensure the system to be
stable.
Fourier transforming each operator in Eq. (8) and solv-
ing it in the frequency domain, the position fluctuations
of the movable mirror are given by
δQ(ω) = 1d(ω) (2
√
2κωmg{[κ− i(∆ + ω)]c∗sδcin(ω)
+[κ+ i(∆− ω)]csδc†in(−ω)}
+ωm[(κ− iω)2 +∆2]ξ(ω)),
(13)
where d(ω) = −4ωm∆g2|cs|2 + (ω2m − ω2 − iγmω)[(κ −
iω)2 +∆2]. In Eq. (13), the first term proportional to g
originates from radiation pressure, while the second term
involving ξ is from the thermal noise. So the position
fluctuations of the movable mirror are now determined
by radiation pressure and the thermal noise. In the case
of no coupling with the cavity field, the movable mirror
will make Brownian motion, δQ(ω) = ωmξ(ω)/(ω
2
m −
ω2 − iγmω), whose susceptibility has a Lorentzian shape
centered at frequency ωm with width γm.
Taking Fourier transform of δQ˙ = ωmδP in Eq. (8), we
further obtain the momentum fluctuations of the movable
mirror, δP (ω) = −i ωωm δQ(ω).
The mean square fluctuations in position and momen-
tum of the movable mirror are determined by
〈δQ(t)2〉 = 14pi2
∫ ∫ +∞
−∞
dωdΩe−i(ω+Ω)t〈δQ(ω)δQ(Ω)〉,
〈δP (t)2〉 = 14pi2
∫ ∫ +∞
−∞
dωdΩe−i(ω+Ω)t〈δP (ω)δP (Ω)〉.
(14)
To calculate the mean square fluctuations, we require
the correlation functions of the noise sources in the fre-
quency domain,
〈δc†in(ω)δcin(Ω)〉 = 2piNδ(ω +Ω),
〈δcin(ω)δc†in(Ω)〉 = 2pi(N + 1)δ(ω +Ω),
〈δcin(ω)δcin(Ω)〉 = 2piMδ(ω +Ω− 2ωm),
〈δc†in(ω)δc†in(Ω)〉 = 2piM∗δ(ω +Ω + 2ωm),
〈ξ(ω)ξ(Ω)〉 = 4piγm ωωm
[
1 + coth( ~ω2kBT )
]
δ(ω +Ω).
(15)
Combining Eqs. (13) – (15), after some calculations, the
mean square fluctuations of Eq. (14) are written as
〈δQ(t)2〉 = 12pi
∫ +∞
−∞
ω2m(A+Be
−2iωmt + Ce2iωmt)dω,
〈δP (t)2〉 = 12pi
∫ +∞
−∞
[ω2A+ ω(ω − 2ωm)Be−2iωmt
+ω(ω + 2ωm)Ce
2iωmt]dω.
(16)
where
A = 1d(ω)d(−ω)(8κg
2|cs|2{(N + 1)[κ2 + (∆ + ω)2]
+N [κ2 + (∆− ω)2]}+ 2γm ωωm [(∆2 + κ2 − ω2)2
+4κ2ω2][1 + coth( ~ω2kBT )]),
B =
8κg2c∗2
s
M
d(ω)d(2ωm−ω)
[κ− i(∆ + ω)][κ− i(∆ + 2ωm − ω)],
C =
8κg2c2
s
M∗
d(ω)d(−2ωm−ω)
[κ+ i(∆− ω)][κ+ i(∆ + 2ωm + ω)].
(17)
In Eqs. (16) and (17), the term independent of g is from
the thermal noise contribution; while those terms involv-
ing g arise from the radiation pressure contribution, in-
cluding the influence of the squeezed vacuum light. More-
over, either 〈δQ(t)2〉 or 〈δP (t)2〉 contains three terms,
the first term is independent of time, but the second and
third terms are time-dependent, which causes 〈δQ(t)2〉
4and 〈δP (t)2〉 vary with time. The complex exponential
in Eq. (16) can be removed by working in the interac-
tion picture. Let’s define b (b†) and b˜ (b˜†) be the an-
nihilation (creation) operators for the oscillator in the
Schro¨dinger and interaction picture with [b, b†] = 1 and
[b˜, b˜†] = 1. The relations between them are b = b˜e−iωmt
and b† = b˜†eiωmt. Then using Q = b + b†, P = i(b† − b),
Q˜ = b˜+ b˜†, and P˜ = i(b˜† − b˜), we get
〈δQ˜2〉 = 12pi
∫ +∞
−∞
ω2m(A+B + C)dω,
〈δP˜ 2〉 = 12pi
∫ +∞
−∞
[ω2A+ ω(ω − 2ωm)B
+ω(ω + 2ωm)C]dω.
(18)
According to the Heisenberg uncertainty principle,
〈δQ˜2〉〈δP˜ 2〉 ≥ |1
2
[Q˜, P˜ ]|2. (19)
If either 〈δQ˜2〉 < 1 or 〈δP˜ 2〉 < 1, the movable mirror is
said to be squeezed.
From Eqs. (17) and (18), we find 〈δQ˜2〉 or 〈δP˜ 2〉 is de-
termined by the detuning ∆0, the squeezing parameter r,
the laser power ℘, the cavity length L, the temperature
of the environment T , and so on. Here we focus on the
dependence of 〈δQ˜2〉 and 〈δP˜ 2〉 on the squeezing param-
eter, the temperature of the environment, and the laser
power.
IV. SQUEEZING OF THE MOVABLE MIRROR
In this section, we numerically evaluate the mean
square fluctuations in position and momentum of the
movable mirror given by Eq. (18) to show squeezing of
the movable mirror produced by feeding the squeezed
vacuum light at the input mirror. We use the same
parameters as those in the recent successful experiment
on normal mode splitting in a nanomechanical oscilla-
tor [33]: the wave length of the laser λ = 2picωL = 1064
nm, L = 25 mm, m = 145 ng, κ = 2pi × 215 × 103 Hz,
ωm = 2pi × 947 × 103 Hz, the mechanical quality fac-
tor Q′ = ωmγm = 6700. In the case of kBT ≫ ~ωm, we
may approximate coth(~ω/(2kBT )) ≃ 2kBT/(~ω). In
the case of T = 0 K, if ω < 0, coth(~ω/(2kBT )) ≃ −1, if
ω > 0, coth(~ω/(2kBT )) ≃ 1. Through numerical calcu-
lations, it is found that squeezing of 〈δQ˜2〉 doesn’t exist
but squeezing of 〈δP˜ 2〉 exists. In the following we there-
fore concentrate on discussing 〈δP˜ 2〉.
Note that in the absence of the coupling to the cavity
field, the movable mirror is in free space, and is coupled
to the environment. Then the fluctuations are given by
〈δQ˜2〉 = 〈δP˜ 2〉 = 1 + 2
e~ωm/(kBT ) − 1
=


1 for T = 0 K,
44 for T = 1 mK,
440 for T = 10 mK.
(20)
As well known no squeezing of the movable mirror occurs.
Now we consider fluctuations in the presence of the
coupling to the cavity field. If we choose T = 1 mK, and
℘ = 6.9 mW, the mean square fluctuations 〈δP˜ 2〉 are
plotted as a function of the detuning ∆0 in the Fig. 2.
Different graphs correspond to different values of the
squeezing of the input light. In the case of no injec-
tion of the squeezed vacuum light (r = 0), which means
that the squeezed vacuum light is replaced by an ordi-
nary vacuum light, we find 〈δP˜ 2〉 is always larger than
unity (the coherent level), the minimum value of 〈δP˜ 2〉
is 1.071, thus there is no momentum squeezing of the
movable mirror. However, if we inject the squeezed vac-
uum light, it is seen that the momentum squeezing of the
movable mirror occurs, and the maximum squeezing hap-
pens at about r = 1, the corresponding minimum value of
〈δP˜ 2〉 is 0.319, thus the maximum amount of squeezing is
about 68%. So the injection of the squeezed vacuum light
greatly reduces the fluctuations in momentum, because
using the squeezed vacuum light increases the photon
number in the cavity, which results in a stronger radia-
tion pressure acting on the movable mirror. Note that the
minimum value of 〈δP˜ 2〉 in the presence of the coupling
to the cavity field is much less than that (〈δP˜ 2〉 = 44) in
the absence of the coupling to the cavity field. So there
is very large squeezing with respect to thermal fluctua-
tions. The momentum fluctuations can be reduced by a
factor more than one hundred.
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FIG. 2: (Color online) The mean square fluctuations 〈δP˜ 2〉
versus the detuning ∆0 (10
6 s−1) for different values of the
squeezing of the input field. r = 0 (red, big dashed line),
r = 0.5 (green, small dashed line), r = 1 (black, solid curve),
r = 1.5 (blue, dotdashed curve), r = 2 (brown, solid curve).
The minimum values of 〈δP˜ 2〉 are 1.071 (r=0), 0.467 (r=0.5),
0.319 (r=1), 0.468 (r=1.5), 1.078 (r=2). The flat dotted line
represents the variance of the coherent light (〈δP˜ 2〉=1). Pa-
rameters: the temperature of the environment T = 1 mK, the
laser power ℘ = 6.9 mW.
Then we fix the squeezing parameter r = 1, the mean
square fluctuations 〈δP˜ 2〉 as a function of the detuning
∆0 for different temperature of the environment and laser
power are shown in Figs. 3 – 5. For a given lase power,
we find that the minimum value of 〈δP˜ 2〉 decreases with
decrease of the temperature of the environment as ex-
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FIG. 3: (Color online) The mean square fluctuations 〈δP˜ 2〉
versus the detuning ∆0 (10
6 s−1), each curve corresponds to
a different temperature of the environment. T=0 K (blue,
solid curve), 1 mK (red, small dashed curve), 5 mK (brown,
big dashed curve), 10 mK (green, dotdashed curve). The
minimum values of 〈δP˜ 2〉 are 0.252 (T=0 K), 0.611 (T=1
mK), 2.082 (T=5 mK), 3.919 (T=10 mK). The flat dotted
line represents the variance of the coherent light (〈δP˜ 2〉=1).
Parameters: the squeezing parameter r = 1, the laser power
℘ = 0.6 mW.
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FIG. 4: (Color online) The mean square fluctuations 〈δP˜ 2〉
versus the detuning ∆0 (10
6 s−1), each curve corresponds to
a different temperature of the environment. T=0 K (solid
curve), 1 mK (dashed curve), 10 mK (dotdashed curve). The
minimum values of 〈δP˜ 2〉 are 0.261 (T=0 K), 0.330 (T=1
mK), 0.968 (T=10 mK). The flat dotted line represents the
variance of the coherent light (〈δP˜ 2〉=1). Parameters: the
squeezing parameter r = 1, the laser power ℘ = 3.8 mW.
pected. The lower is the temperature, the less is the ther-
mal noise. At T = 0 K, the minimum value of 〈δP˜ 2〉 is
the smallest due to no thermal noise, which corresponds
to the maximum momentum squeezing of the movable
mirror. For example, when T = 0 K and ℘ = 0.6 mW,
the minimum value of 〈δP˜ 2〉 is 0.252, the correspond-
ing amount of squeezing is up to about 75%. Therefore,
decreasing the temperature of the environment can en-
hance the amount of the momentum squeezing of the
movable mirror. On the other hand, we note that when
the temperature of the environment is high, for example,
for T = 10 mK, and laser power 0.6 mW, the minimum
value of 〈δP˜ 2〉 is 3.919. In this case, there is no mo-
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FIG. 5: (Color online) The mean square fluctuations 〈δP˜ 2〉
versus the detuning ∆0 (10
6 s−1), each curve corresponds to
a different temperature of the environment. T=0 K (solid
curve), 1 mK (dashed curve), 10 mK (dotdashed curve). The
minimum values of 〈δP˜ 2〉 are 0.275 (T=0 K), 0.319 (T=1
mK), 0.731 (T=10 mK). The flat dotted line represents the
variance of the coherent light (〈δP˜ 2〉=1). Parameters: the
squeezing parameter r = 1, the laser power ℘ = 6.9 mW.
mentum squeezing, but if we increase the laser power to
6.9 mW, the minimum value of 〈δP˜ 2〉 is 0.731, the mov-
able mirror shows momentum squeezing, and the amount
of squeezing will increase with increase of laser power.
Therefore, when the temperature of the environment is
high, the momentum squeezing of the movable mirror can
be obtained by increasing the input laser power. The
reason is that increasing the laser power can increase the
photon number in the cavity. Moreover, for any specific
temperature of the environment, the minimum value of
〈δP˜ 2〉 in the presence of the radiation pressure coupling
is always much less than that in the absence of the radi-
ation pressure coupling.
V. CONCLUSIONS
In conclusion, we have found that squeezing of the
movable mirror can be achieved by the injection of
squeezed vacuum light and a laser. The result shows
the maximum momentum squeezing of the movable mir-
ror happens if squeezed vacuum light with r about 1 is
injected into the cavity. For a given squeezing parameter
and laser power, decreasing the temperature of the envi-
ronment can enhance the maximum momentum squeez-
ing of the movable mirror. In addition, the momentum
squeezing of the movable mirror may be achieved by in-
creasing the input laser power. Generation of squeezing
of the movable mirror provides a new way to detect a
weak force. Further the “feeding” of squeezed light can
be used to squeeze collective degrees of freedom for sev-
eral mirrors inside the cavity.
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